Abstract DP-coloring of a simple graph is a generalization of list coloring, and also a generalization of signed coloring of signed graphs. It is known that for each k ∈ {3, 4, 5, 6}, every planar graph without C k is 4-choosable. Furthermore, Jin, Kang, and Steffen [9] showed that for each k ∈ {3, 4, 5, 6}, every signed planar graph without C k is signed 4-choosable. In this paper, we show that for each k ∈ {3, 4, 5, 6}, every planar graph without C k is 4-DP-colorable, which is an extension of the above results.
Introduction

List-coloring
We denote by [k] the set of integers from 1 to k. A k-coloring of a graph G is a mapping f : V (G) → [k] such that f (u) = f (v) for any uv ∈ E(G). (In this paper, we always use the term "coloring" as a proper coloring.) The minimum integer k such that G admits a k-coloring is called the chromatic number of G, and denoted by χ(G).
A list assignment L : V (G) → 2 [k] of G is a mapping that assigns a set of colors to each vertex. A coloring f : V (G) → Y where Y is a set of colors is called an L-coloring of G if f (u) ∈ L(u) for any u ∈ V (G). A list assignment L is called a t-list assignment if |L(u)| ≥ t for any u ∈ V (G). A graph G is said to be t-choosable if G admits an L-coloring for each t-list assignment L, and the list-chromatic number or the choice number of G, denoted by χ ℓ (G), is the minimum integer t such that G is t-choosable.
Since a k-coloring corresponds to an L-coloring with L(u) = [k] for any u ∈ V (G), we have χ(G) ≤ χ ℓ (G). It is well-known that there are infinitely many graphs G satisfying χ(G) < χ ℓ (G), and the gap can be arbitrarily large.
Thomassen [15] showed that every planar graph is 5-choosable, and Voigt [16] showed that there are planar graphs which are not 4-choosable. Thus finding sufficient conditions for planar graphs to be 4-choosable is an interesting problem.
Let C k be the cycle of length k. Lam, Xu, and Liu [11] showed that every planar graph without C 4 is 4-choosable. And for each k ∈ {3, 5, 6}, it is known that if G is a planar graph without C k , then G is 3-degenerate [8, 12] (see Lemma 7 in Section 2), where a graph is said to be ℓ-degenerate if its arbitrary subgraph contains a vertex of degree at most ℓ. Thus we can conclude that for each k ∈ {3, 5, 6}, if G is a planar graph without C k , then χ ℓ (G) ≤ 4. Thus with the result in [11] , we have the following.
Notice that for k ∈ {3, 4, 5, 6}, Theorem 1 is best possible. That is, for k ∈ {3, 4, 5, 6}, there is a planar graph G without C k but with χ ℓ (G) ≥ 4. See [16] for k = 3 and [17] for k = 4, 5. For k = 6, complete graph K 4 has no C 6 but χ ℓ (K 4 ) = 4.
Singed colorings of signed graphs
A signed graph (G, σ) is a pair of a graph G and a mapping σ : E(G) → {1, −1}, which is called a sign. For an integer k, let
The minimum integer k such that a signed graph (G, σ) admits a signed k-coloring is called the signed chromatic number of (G, σ). This was first defined by Zaslavsky [18] with slightly different form, and then modified by Máčajová, Raspaud, andŠkoviera [13] to the above form so that it would be a natural extension of an ordinary vertex coloring. Now we define signed list-colorings of signed graphs. Given a signed graph (
The signed choice number of (G, σ) is the minimum number k such that (G, σ) is signed k-choosable.
Note that if σ(uv) = +1 for all edge uv in E(G), then the signed choice number of (G, σ) is the same as the choice number of the graph G. Jin, Kang, and Steffen [9] showed the following theorem.
Theorem 2 [9] For each k ∈ {3, 4, 5, 6}, every signed planar graph without C k is signed 4-choosable.
Note that Theorem 2 is an extension of Theorem 1. We will give a further extension of Theorem 2, together with a proof different from that in [9] .
DP-coloring
In order to consider some problems on list chromatic number, Dvořák and Postle [7] considered a generalization of a list-coloring. They call it a correspondence coloring, but we call it a DP-coloring, following Bernshteyn, Kostochka and Pron [5] .
Let G be a graph and L be a list assignment of G. For each edge uv in G, let M L,uv be a matching between {u} × L(u) and {v} × L(v). With abuse of notation, we sometimes regard M L,uv as a bipartite graph between {u} × L(u) and {v} × L(v) of maximum degree at most 1.
, which is called a matching assignment over L. Then a graph H is said to be the M L -cover of G if it satisfies all the following conditions:
uv by adding those edges defined in (ii).
Definition 4 An M L -coloring of G is an independent set I in the M L -cover with |I| = |V (G)|. The DP-chromatic number, denoted by χ DP (G), is the minimum integer t such that G admits an M L -coloring for each t-list assignment L and each matching assignment M L over L. We say that a graph G is DP-k-colorable if χ DP (G) ≤ k.
Note that when G is a simple graph and
for any edge uv in G, then G admits an L-coloring if and only if G admits an M L -coloring. This implies χ ℓ (G) ≤ χ DP (G). Dvořák and Postle [7] showed that χ DP (G) ≤ 5 if G is a planar graph, and χ DP (G) ≤ 3 if G is a planar graph with girth at least 5. Also, Dvořák and Postle [7] observed that χ DP (G)
There are infinitely many simple graphs G satisfying χ ℓ (G) < χ DP (G): It is known that χ(C n ) = χ ℓ (C n ) = 2 < 3 = χ DP (C n ) for each even integer n ≥ 4. Furthermore, the gap χ DP (G)− χ ℓ (G) can be arbitrary large. For example, Bernshteyn [2] showed that for a simple graph G with average degree d, we have χ DP (G) = Ω(d/ log d), while Alon [1] proved that χ ℓ (G) = Ω(log d) and the bound is sharp. See [4] for more detailed results. Recently, there are some works on DP-colorings; see [2, 3, 6, 7, 10 ].
DP-coloring vs signed coloring
We here point out that a signed coloring of a signed graph (G, σ) is a special case of a DPcoloring of G. Let L be the list assignment of G with L(u) = N k for any vertex u in G. Then for an edge uv in G, let
With this definition, it is easy to see that the signed graph (G, σ) admits a signed k-coloring if and only if the graph G admits an M L -coloring. Furthermore, we see the similar relation for signed list-coloring. Thus we have the following property.
In this paper we prove the following theorem.
Theorem 6
For each k ∈ {3, 4, 5, 6}, every planar graph without C k is DP-4-colorable.
Note that Theorem 6 is an extension of Theorems 1 and Theorem 2 (by Proposition 5).
Proof of Theorem 6
We first show the case when k ∈ {3, 5, 6}. In this case, we can easily prove Theorem 6 by using some known results.
Proof. When G has no C 3 , then the girth of G is at least 4. Thus, Euler formula directly proves that G is 3-degenerate. Lih and Wang [12] showed that every planar graph without C 5 is 3-degenerate. And it was showed in [8] that every planar graph without C 6 is also 3-degenerate.
Thus remaining case is when G is a planar graph without C 4 . Such graphs are not necessarily 3-degenerate (e.g. consider the line graph of dodecahedral graph), but we can instead use the following Lemma appeared in [11] .
An Now we are ready to prove the main theorem.
(Proof of Theorem 6) Let G be a minimal counterexample to Theorem 6. That is, G is a planar graph without C 4 and G does not admit a DP-4-coloring, but any proper subgraph of G admits a DP-4-coloring.
Let L be a list assignment of G, and let M L be a matching assignment over L. By Lemma 9, G contains an
for all i, we have that |L * (v 2 )| ≥ 3, |L * (v 6 )| ≥ 3, and |L * (v j )| ≥ 2 for j ∈ {1, 3, 4, 5}. We denote by M L * the restriction of M L into H and L * .
Claim 1
The M L * -cover has an independent set I * with |I * | = 6 = |V (F 3 5 )|. Proof. Since |L * (v 2 )| ≥ 3 and |L * (v 1 )| ≥ 2, we can color c ∈ L * (v 2 ) such that L * (v 1 ) \ {c ′ : (v 2 , c)(v 1 , c ′ ) ∈ M L * } has at least two available colors. By coloring greedily in order v 3 , v 4 , v 5 , v 6 , v 1 , we can find an independent set I * with |I * | = 6. This completes the proof of Claim 1.
By Claim 1, the M L -cover has an independent set I = I ′ ∪I * with |I| = |I ′ |+|I * | = |V (G)|, which is a contradiction for the choice of G. This completes the proof of Theorem 6.
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